Nuclear processes in solid environment are investigated. It is shown that if a slow, quasi-free heavy particle of positive charge interacts with a "free" electron of a metallic host, it can obtain such a great magnitude of momentum in its intermediate state that the probability of its nuclear reaction with an other positively charged, slow, heavy particle can significantly increase. It is also shown that if a quasi-free heavy particle of positive charge of intermediately low energy interacts with a heavy particle of positive charge of the solid host, it can obtain much greater momentum relative to the former case in the intermediate state and consequently, the probability of a nuclear reaction with a positively charged, heavy particle can even more increase. This mechanism opens the door to a great variety of nuclear processes which up till know are thought to have negligible rate at low energies. Low energy nuclear reactions allowed by the Coulomb assistance of heavy charged particles is partly overviewed. Nuclear pd and dd reactions are investigated numerically.
I. INTRODUCTION
It is a standard of nuclear physics that heavy, charged particles j and k of like positive charge of charge numbers z j and z k need considerable amount of relative kinetic energy E determined by the height of the Coulomb barrier in order to let the probability of a nuclear interaction have significant value. Mathematically it appears in the energy dependence of the cross section (σ) of the charged-particle induced reactions as
where S (E) is the astrophysical factor, which can be written as S(E) = S(0) + S 1 E + S 2 E 2 , [1] . The Sommerfeld parameter
where k = |k j − k k | is the magnitude of the relative wave vector k = k j −k k of the interacting particles of wave vectors k j and k k , (k ∼ √ E). The reduced mass of particles j and k of rest masses m j and m k
is the reduced Planck constant, e is the elementary charge and α f is the fine structure constant. (It can be shown that in the case of slow relative motion the exponential function in (1) is the same as the Gamow factor [2] , that hinders nuclear reactions between particles of like electric charge.) The energy dependence of the cross section (1) can be derived applying the Coulomb solution
which is the wave function of a free particle of charge number z j in a repulsive Coulomb field of charge number z k , where V denotes the volume of normalization, and r is the relative coordinate of the two particles. Here f (k, r) = e −πη jk /2 Γ(1 + iη jk ) 1 F 1 (−iη jk , 1;
where 1 F 1 is the confluent hypergeometric function and Γ is the Gamma function [3] .
It is the consequence of energy dependence (1) of the cross section that to this day it is a commonplace that the rate of any nuclear reaction between heavy, charged particles of positive charge is unobservable at low energies. The aim of this paper is to show that in a solid (particularly in a metal), contrary to the former assumption, there are nuclear processes that can have observable rate at low energies.
II. PRELIMINARY CONSIDERATIONS
In the low-energy range (kR ≪ 1, where R is the radius of a nucleon) and for |r| ≤ R the long wavelength approximation
is valid, where
is the Coulomb factor. We introduce the notation
with which the cross section (and the rate) of a first order process is proportional. If k is small then the long wavelength approximation produces the form (1) of σ well. Thus the fact that the rate of any nuclear reaction between heavy, charged particles of positive charge is unobservable at low energies is the consequence of F jk (k) being small. Coulomb scattering is followed by a capture process governed by strong interaction. When calculating the transition probability (and the rate) of such a second order process the following statements are valid. Energy and momentum (wave number vector) are conserved, i.e. E i = E f , k i = k f , where E i and E f are the total energies, and k i and k f are the total wave number vectors in the initial and final states, respectively. However energy-wave number vector (momentum) conservation may be violated in the "intermediate" state. In the cases investigated the initial particles (particles 1, 2 and 3) are slow and the sum of their initial kinetic energies E i and the sum of their wave number vectors k i can be neglected, i.e.
E i = 0 and k i = 0 can be supposed.
It is thought that particle 1 is an electron and particles 2 and 3 are heavy, and of positive charge. The nuclear reaction 2 + 3 → 4 has reaction energy ∆. This energy is shared between the outgoing particles 1 and 4. Thus particle 1 obtains energy and wave number vector of nuclear order of magnitude. Since the Coulomb interaction in the case of free particles conserves wave number vector (momentum), and since the initial wave number vector of particles 1 and 2 can be neglected in wave number conservation, particle 2 ′ gets a wave number vector k 2 ′ opposite to the final wave number vector k 1 ′ of particle 1 ′ , i.e.
Moreover if one calculates the Coulomb matrix element using plane waves for the free particles then the matrix element must be corrected with the so called Sommerfeld factor [4] 
where f 12 -s are Coulomb factors [see (7)] for particles 1 and 2 of electric charge numbers z 2 = 1 and z 1 = −1 since particle 1 is an electron. If particle 2 is heavy and slow, and particle 1 is an electron then |k 2 − k 1 | = k 1 , that is the magnitude of the initial wave number vector of particle 1, furthermore
Thus the cross section and the rate are proportional to
It can be shown that F 12 (2k 2 ′ ) = 1 and therefore
where E 1 is the energy of the initial free electron. When calculating the matrix element of the strong interaction potential between particles 2 and 3 we use (6) . Consequently the second order rate is proportional to G S F 23 which is mainly determined by
The first order rate is proportional to
, where k is the wave number of the slow, initial particle 2 (particle 3 is supposed to beat rest). Since k ≪ k 2 ′ , and therefore η 23 (k) ≫ η 23 (k 2 ′ ), and consequently exp [−2πη
the rate of the second order process is much higher than that of the first order process. As a result, although the rate of a second order process is usually much less than the rate of a first order process, in this case the exponential increment is so huge that it can dwarf the rate of the first order process.
As a numerical example we consider the electron assisted
He process with slow deuterons. In this case, one of the slow deuterons (as particle 2) can enter into Coulomb interaction with a quasi-free, slow electron of the solid before the nuclear reaction (see FIG.   1(a) ). The states of the free deuteron and the free electron can be described by plane waves, therefore the Coulomb interaction preserves the wave number vector (momentum). If in the second order process the Coulomb interaction is followed by strong interaction, which induces a nuclear capture process, then the energy ∆ of the nuclear reaction is divided between the electron and the heavy nuclear product. Since the rest mass m N of the nuclear product is much larger than the rest mass m e of the electron, the electron will take almost all the total nuclear reaction energy ∆ away and the magnitude of its wave number vector 
−427 that is characteristic of the first order process.
III. ELECTRON ASSISTED NUCLEAR PROCESSES
The change of state of heavy charged particles induced by solid state environment is modelled in the following way. Let us take two independent systems A and B, where A is a solid and B is an ensemble of free, heavy charged particles (e.g. a free deuteron or proton gas) with the corresponding Hamiltonians H A and H B . It is supposed that their eigenvalue problems are solved, and the complete set of the eigenvectors of the two independent systems are known. Let us extend the state vectors of systems A and B to those nuclear bound states, which are initially empty, corresponding to the assumption that at the beginning the two systems do not interact. The interaction between them to be switched on adiabatically is described by the interaction Hamiltonian
, where V Cb and V St stand for the Coulomb and the strong interaction potentials, respectively, and the suffixes A and B in their argument symbolize that one party of the interaction comes from system A and the other from system B. (Similar model is used by [5] introducing the reduced density operator.) In the process investigated, first a heavy, charged particle of system B takes part in a Coulomb scattering with any charged particle of system A and it is followed by a strong interaction with some nucleus of system A that leads to their final bound states. The and B is not considered, the simplest description is chosen, and the dynamic evolution of the number N 2 of particles 2 of system B is not investigated.
The transition probability per unit time W
of the process can be written as
with
where E i , E µ and E f are the kinetic energies in the initial, intermediate and final states, respectively, ∆ is the reaction energy, i.e. the difference between the rest energies of the initial and final states, V is the volume of normalization. V 1(b) with both particles charged (+β) and with one of them neutral (nβ), respectively.
where E 1f is the kinetic energy and k 1f is the wave vector of particle 1 (electron) in the final state.
kinetic energy of the j − th particle in the intermediate (particle 2) and final (particles 4 or 5, 6) states. Since particle 1 is an electron,
with m e c 2 denoting the rest energy of the electron.
For the Coulomb potential we use its screened form
with screening parameter λ and coupling strength e 2 = α f c. For the strong interaction the interaction potential
is applied, where the strong coupling strength f 2 = 0.08 c [6] and 1/s is the range of the strong interaction. The calculation of the total rates of the electron assisted nuclear processes can be found in Appendix I.
The result of the total rate of the leading, electron assisted (p or d) capture process
. Here u denotes the deuteron (or proton) over metal number densities, N 2 is the number of initial particles 2 and for G S see (10) . Furthermore, we introduced the following notation
where g e is the number of the valence electron states corresponding to one unit cell and
Here R = 1.2 × 10 −13 [cm] is the radius of a nucleon (corresponding to the single nucleon approach applied). Finally, h corr,3 = A 3 − z 3 in the case of proton capture process and h corr,3 = A 3 in the case of deuteron capture reactions (both are taken in the Weisskopf approximation), where A 3 and z 3 are the mass and charge numbers of particle 3.
where E 1 is the energy of the initial free electron and the average is made by means of Fermi-
) are dimensionless and ∆ has to be substituted in
The quantity
) given by (8) is the most important factor in W (2) tot (α). The electron (particle 1) transfers large momentum (energy) to particle 2' through Coulomb scattering. Consequently, particle 2' appears in the nuclear process with the corresponding large wave number and the probability of the nuclear process drastically increases.
has to be compared with F 23 (k i (E i )), which is the square of the Coulomb factor of the usual first order process, where E i is the kinetic energy in the relative motion of particles 2 and 3 in the initial state of the usual, first order process. If E i has eV order of magnitude then
From this relationship it follows that although the usual first order 2+3 → 4 nuclear process is very strongly hindered by the repulsive Coulomb interaction due to the extremely small value of F 23 (k i (E i )), in consequence of the appearance of the much larger quantity
in the rate of the second order electron assisted process the hindering effect practically disappears.
IV. HEAVY PARTICLE ASSISTED NUCLEAR PROCESSES
In electron assisted nuclear reactions heavy, charged particles are created in the decelerating process of reaction products of the electron assisted processes (e.g. followed by the Coulomb interaction, can also be neglected.) Now particles 1 and 3 belong to system A and particle 2 which is a free, heavy particle created in an electron assisted nuclear process belongs to system B. According to the applied notation, particles 2 and 3 take part in a nuclear process and particle 1 only assists it. The different processes will be distinguished by the type of the assisting particle and also by the type of the nuclear process.
In our model charged, heavy particles, such as protons (p), deuterons (d) can form system B, they may be particle 2, which are supposed to move freely in a solid (e.g. in a metal).
The particles, that take part in the processes and belong to system A are: localized heavy, charged particles (bound, localized p, d and other nuclei) as the participants of Coulomb scattering (particle 1) and localized heavy, charged particles (bound, localized p, d and other nuclei) as nuclear targets (particle 3). The problem, that there may be identical particles in systems A and B that are indistinguishable, is also disregarded here.
The calculation of the transition probability per unit time W be performed through similar steps to those applied for the calculation of the rate of the electron assisted process. The main difference is that particle 1 is heavy and localized.
The matrix element of the screened Coulomb potential modifies as
Here
where ψ 1i (x) stands for the initial, localized state of particle 1. It is supposed that
is the wave function of the ground state of a 3-dimensional harmonic oscillator of angular
. The calculation of the total rates of the heavy particle assisted nuclear processes can be found in Appendix II.
The total rate of the leading, heavy particle assisted nuclear capture processes valid in the case of f cc metals
Here the parameter β 1 , e.g. in the case of a localized deuteron, is β
For K 0 (α) see (20). The quantity 
where m 0 c 2 = 931.494 [MeV ] is the atomic mass unit, and
is the reduced mass number of particles j and k of mass numbers A j and A k .
It can be seen from (27) and (28) that this process opens the door for a great variety of nuclear processes. To get an order of magnitude estimation of the effect we take
We take as a typical value ∆ app = 4 [MeV ] in (30) that yields 2πη As an example, let us take the simplest charged particle processes, the usual nuclear fusion processes:
The coefficients of the astrophysical factor (see Introduction) of these nuclear fusion processes are available [1] . Owing to their astrophysical importance the low energy range of the above fusion processes has been extensively investigated. In the extremely low energy range, i.e.
at near room temperature, the S(E) = S(0) approximation is valid and the ratio of the rates of the processes (32), (33) (32) is leading, and the electron assisted versions of processes (33) and (34) have much lower rate. The total rate of the electron assisted version of (32) is
where E 1 is the energy of the initial free electron in the conduction band. Averaging E [eV ]
, where E F denotes the Fermi energy [8] .
In the case of heavy particle assisted processes we have obtained F 
From the above rates one can conclude that if energetic, heavy charged particles are present in the sample the heavy particle assisted processes are not negligible and among all the charged particle assisted processes discussed here the electron assisted version of the (32) process is the leading one.
VI. SUMMARY
It is found that, contrary to the commonly accepted opinion, in a solid metal surrounding nuclear reactions can happen between heavy, charged particles of like (positive) charge of low initial energy. It is recognized, that one of the participant particles of a nuclear reaction of low initial energy may pick up great momentum in a Coulomb scattering process on a free, third particle of the surroundings. The virtually acquired great momentum, that is determined by the energy of the reaction, can help to overcome the hindering Coulomb barrier and can highly increase the rate of the nuclear reaction even in cases when the rate would be otherwise negligible. It is found that the electron assisted d + d → 4 He process has the leading rate. In the reactions discussed energetic charged particles are created, that can become (directly or after Coulomb collisions) the source of heavy charged particles of intermediately low (of about a few keV ) energy. These heavy particles can assist nuclear reactions too. It is worth mentioning that the shielding of the Coulomb potential has no effect on the mechanisms discussed.
Our thoughts were motivated by our former theoretical findings [9] according to which the leading channel of the p + d → 3 He reaction in solid environment is the so called solid state internal conversion process, an adapted version of ordinary internal conversion process [10] . In the process formerly discussed [9] if the reaction takes place in solid material, in which instead of the emission of a γ photon, the nuclear energy is taken away by an electron of the environment (the metal), the Coulomb interaction induces a p + d → 3 He nuclear transition. The processes discussed here can be considered as an alternative version of the solid state internal conversion process since it is thought that one party of the initial particles of the nuclear process takes part in Coulomb interaction with a charged particle of the solid material (e.g. of a metal).
There may be many fields of physics where the traces of the proposed mechanism may have been previously appeared. It is not the aim of this work to give a systematic overview these fields. We only mention here two of them that are thought to be partly related or explained by the processes proposed. The first is the so called anomalous screening effect observed in low energy accelerator physics investigating astrophysical factors of nuclear reactions of low atomic numbers [11] . The other one is the family of low energy nuclear fusion processes.
The physical background, discussed in the Introduction and in the first part of Section V., was questioned by the two decade old announcement [12] on excess heat generation due to nuclear fusion reaction of deuterons at deuterized Pd cathodes during electrolysis at near room temperature. The paper [12] initiated continuous experimental work whose results were summarized recently [13] . The mechanisms discussed here can explain some of the main problems raised in [13] . (a) The mechanisms proposed here make low energy fusion reactions and nuclear transmutations possible. (b) The processes discussed explain the lack of the normally expected reaction products.
The authors are indebted to K. Härtlein for his technical assistance.
VII. APPENDIX I. -RATE CALCULATION OF ELECTRON ASSISTED NU-CLEAR PROCESSES
For particles 1 and 2 (electron and ingoing heavy particle) taking part in Coulomb interaction we use plane waves. Thus the Coulomb matrix element is calculated in the Born approximation
which is corrected with the so called Sommerfeld factor g S (see (9)). In the intermediate state we use plane waves of wave vector k 2µ for particle 2. The final state of the electron is also a plane wave. The Dirac delta
in the intermediate state (after integration over k 2µ , see later), i.e. in the intermediate state particle 2' may have large momentum, which is determined by the reaction energy due to the final wave vector of the electron.
When calculating the matrix element of the strong interaction potential between particles 2 and 3 we use the approximate form of ϕ(r) given in (6).
For the process 1(a) the Weisskopf approximation is used, i.e. for the final nuclear state of one nucleon (of particle 4) we take
if r ≤ R, where R is the nucleon radius, and Φ f W (r) = 0 for r > R. In evaluating V St f µ the long wavelength approximation (exp (ik 2µ · x) = 1) is used with sR = 1 that results
in single nucleon approach. In the case of process 1(b), for the final states plane waves are assumed producing 
where
and
For more precise result, beyond the Weisskopf and long wavelength approximations, and beyond the single nucleon approach the integrand of (41) must be multiplied by a model dependent correction factor
of the k − th target particle, where V St f µ (type, k µ ) is the nuclear matrix element calculated in an other model, without the long wavelength approximation and beyond the single nucleon approach.
We will mainly treat proton (and deuteron) capture processes in which the interaction of proton (deuteron) takes place with more than one nucleon. In the Weisskopf approximation the sum of the matrix elements of proton-proton and neutron-neutron interactions can be neglected due to the presence of exchange terms, so in the case of proton capture the matrix element of the strong interaction must be multiplied by the number of interacting neutrons in the nucleus. In our case it means the neutron number of particle 3 N 3 = A 3 − z 3 (h corr,3 = N 3 ). In the case of deuteron capture reactions and also in the Weisskopf approximation the matrix-element must be multiplied by A 3 (h corr,3 = A 3 ).
A. Rates of electron assisted p or d capture processes
First the case type = α is treated. Neglecting the initial kinetic energies and E 2µ in the denominator of (12), E µ − E i = E 1f + E 2µ ≃ E 1f that will have a value E 1f ≃ ∆ because of the energy Dirac delta. Using the µ → V / (2π) 3 dk 2µ and the
0) and (2π) 3 δ (0) = V , and the k 1f dk 1f = E 1f dE 1f / ( c) 2 relations, furthermore carrying out integrations one can obtain
If one is interested in the total rate W
tot (α) of a sample then W
f i must be multiplied by the numbers of initial particles, N 1 , N 2 and N 3 corresponding to electrons, and particles 2 and 3, respectively. The quantity N 1 /V = g e /v c , where v c is the volume of the elementary cell of the solid metal and g e is the number of the valence electron states corresponding to one unit cell, e.g. g e = 10 and v c = d 3 /4 in the cases of Ni and P d will be discussed later.
We introduce N 3 /V = n 3 , the number density of particles 3. It is reasonable to take for the number density n 3 of the target n 3 = 2u/v c = u8/d 3 in the case of f cc metals (such as P d
and Ni) with u denoting the deuteron (or proton) over metal number densities. The result is
where K tot (α) is determined by (19) and the average is made by means of Fermi-Dirac distribution.
B. Rates of electron assisted processes with two outgoing heavy particles
In the case of type = +β or nβ (for the process (b) of FIG.1 ) the calculation is modified as follows. Let the wave vectors of particles 5 and 6 be k 5 and k 6 . This time, the f →
Here κ j = ck j /∆ and ε j = E j /∆ = κ 2 j / (2m j ) ∆ are dimensionless quantities with E j as the kinetic energy of particle j (j = 5 or 6), δ e = m e c 2 /∆, ε 1f = E 1f /∆ = |κ 5 + κ 6 | 2 + δ 2 e − δ e and the suffixes 23 of F 23 and 56 of F 56 refer to particles 2, 3 and 5, 6, respectively. If one of the particles 5 and 6 is a neutron then
It is useful to introduce the following new variables in (50):
Thus, if both particles 5 and 6 are positively charged then J = J +β ,
If one of the particles 5 and 6 is a neutron then J = J nβ ,
Here and above
In obtaining (61) the ∆a 2 / (8µ 56 c 2 ) and ∆ 
identity, where x 1 is the root of the equation
g (x) = 0, the integrals J 2 and J 3 can be written as
where a max = √ 1 + 2δ e . Using all the above results, the total rate W
tot (+β) of the process having two charged, heavy products reads
The total rate W (2) tot (nβ) of the process, in which one of the two heavy products is a neutron, reads
In order to compare the total rates (48), (68) and (71) In the case of heavy particle assisted nuclear processes the quantity T
if modifies as
Since β 1 ≪ |K| ≈ |k 1f |, the Fourier transform of (24)
allows the approximation
in (72). As a result the integral over k 2µ in (72) can be carried out, while |k 2i | and λ can be neglected since |k 2i | ≪ |k 1f | and λ ≪ |k 1f |. Neglecting E i in the denominator,
if (type) obtained in this way is
.
A. Rates of heavy particle assisted nuclear capture processes
First the process of type = α is dealt with. Substituting (80) into (11) the
leads to the
/ (2µ 14 ) in the energy Dirac delta. Applying the k 1f dk 1f = µ 14 dE f / 2 and k 1f = 2µ 14 E f / relations the integral over k 1f is converted to an integral over E f and it is carried out with the aid of the energy Dirac delta. Thus the transition rate of a heavy particle assisted reaction of 
The parameter β 1 in the case of a localized deuteron is β 
and 8K
in the case of deuterized and protonated P d, and in the cases when particle 1 is a deuteron or a proton, respectively.
B. Rates of heavy particle assisted processes with two outgoing heavy particles
In the case of type = +β or nβ (for the process (b) of FIG. 2 ) the calculation is modified as follows. Now the f → V / (2π)
are used and the integration over k 1f leads to the k 1f = −k 5 − k 6 replacement. In the argument of the Dirac delta
where ζ = cos Θ 56 with Θ 56 the angle of vectors k 5 and k 6 . Now new variables
are introduced. With these variables
Applying the δ [χ (ζ)] = |χ ′ (ζ 1 )| −1 δ (ζ − ζ 1 ) identity, where ζ 1 is the root of equation χ (ζ) = 0, the integration over ζ can be carried out. In our case
Introducing the notation
and after some algebra the transition rate
The upper limits x 5,up and x 6,up are determined by the condition |ζ 1 | ≤ 1. Now the total rates W (2),h tot (type) of reactions type = +β or nβ can also be obtained multiplying W (2) ,h f i (type) by N 2 and N 13 , and using
In the rates W 
It is also an important aspect of the mechanism that if particle 1 is a proton then in each proton assisted nuclear capture process an energetic proton (of energy of about a few 
Most of the daughter nuclei An other interesting family of the heavy particle (proton) assisted proton capture is
that is mainly followed by the 
Here K 
where r A is the relative natural abundance and 
that comes from (28) with z 3 = 46 (corresponding to P d).
The processes (101) Ag isotopes, respectively, whose heavy particle assisted proton capture reaction may give rise to a chain
